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Some propagating Hough modes dominate the tropospheric tides●
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Abstract: With the method of Hough mode decomposition (HMD), the tidal sources of the three main tidal components, namely, the
migrating components DW1 (diurnal westward propagating wavenumber 1) and SW2 (semidiurnal westward propagating wavenumber
2) and the non-migrating component DE3 (diurnal eastward propagating wavenumber 3), at the tropospheric altitudes (1–12 km) and in
the latitude range of ±60°, were obtained from National Centers for Environmental Prediction (NCEP) Climate Forecast System Reanalysis
(CFSR) data during the interval from 1988 to 2011. We analyzed these sources in detail at 6 km and obtained the main properties of their
yearly variations. The DW1 source was found to present a weak seasonal variation in the lower latitudes (about ±10°–15°). That is, the
amplitudes of the DW1 sources were larger in the summer months than in the winter months, and DW1 presented semi-annual variation
near the equator (±10°) such that the DW1 source was larger at the equinoxes than at the solstices. In addition, the SW2 source was
symmetric and was stronger in the southern hemisphere than in the northern hemisphere. The SW2 source presented remarkable annual
and semi-annual variation such that the amplitudes were largest during the March equinox months and larger during the June solstice
months. In contrast, DE3 appeared mainly around the equatorial latitudes within about ±30°. The DE3 source presented remarkable semi-
annual variation that was larger around the solstices than the equinoxes in the southern hemisphere, and it was opposite in the northern
hemisphere. By HMD, we found that the tropospheric tides were primarily dominated by some leading propagating Hough modes,
specifically, the (1, 1), (2, 3), and (3, 3) modes; the influences of the other Hough modes were negligible. The consequences of an El
Niño–Southern Oscillation modulation of tidal amplitudes for the energy and momentum budgets of the troposphere may now be
expected to attract attention. In summary, the above yearly variations of the main tidal sources and the Hough coefficients demonstrate
that an HMD analysis can be used to investigate the tropospheric tides.
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1.  Introduction

f = −k

The  atmospheric  solar  tides  are  important  global-scale  waves

whose periods are not longer than a solar day. The tidal functions

may vary with time, latitude, and longitude, and their frequencies

(k in  numbers/day)  and zonal  wavenumbers  (f in  numbers/cycle)

must be integers. We often divide tides into “migrating tides” and

“non-migrating  tides.”  The  migrating  tide  functions  ( )

f ≠ −k

f = 1, k = −1

f = 2, k = −2

f = 1, k = 3

mainly  vary  with  local  time  and  do  not  depend  on  longitude;  in
contrast,  the  non-migrating  tides  ( )  depend  on  both  local
time and longitude (Chapman and Lindzen, 1970). Usually, diurn-
al  westward  propagating  wavenumber  1,  or  DW1  ( ),
and  semidiurnal  westward  propagating  wavenumber  2,  or  SW2
( ),  are  the  main  migrating  components,  and  diurnal
eastward  propagating  wavenumber  3,  or  DE3  ( ),  is  the
most  important  non-migrating  component  (e.g., Talaat  and
Lieberman,  1999; Manson et  al.,  2002; Forbes  et  al.,  2003; Forbes
and Wu D, 2006; Pancheva et al., 2010).

Chapman  and  Lindzen  (1970) described  various  sources  of  tidal

excitation. It was demonstrated that the insolation absorption by
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ozone  and  water  vapor  is  the  most  important  source  of  thermal

excitation below 70 km (e.g., Lindzen and Blake, 1970; Forbes and

Garrett,  1979; Hagan,  1996; Hagan  and  Forbes,  2002). Harris  and

Mayr  (1975), Forbes  and  Garrett  (1978),  and Mayr  and  Harris

(1977) observed that the atmospheric thermal tides are excited by

ultraviolet and  extreme  ultraviolet  absorption  in  the  lower  ther-

mosphere  (90–200  km).  In  addition, Lindzen  and  Will  (1973) and

Hamilton  (1981) first  identified  the  latent  heat  release  by  large-

scale deep convection as a possible source of tidal excitation.

Further  research  has  shown  a  great  many  sources  for  the  tidal

components. Migrating  tides  are  prompted  primarily  by  the  en-

ergy absorption  of  tropospheric  water,  water  vapor,  and  strato-

spheric ozone (Oberheide et al., 2002). Non-migrating tides are ex-

cited by numerous sources,  such as the land–sea differences,  the

zonal  asymmetries into topography,  the longitude dependencies

in the absorbing species (Forbes et al., 2003), and the nonlinear in-

teractions  between  different  migrating  components  as  well  as

between  the  migrating  tides  and  other  atmospheric  waves  (i.e.,

planetary  waves; Hagan  and  Roble,  2001)  or  gravity  waves

(McLandress  and  Ward,  1994).  It  is  known  that  the  source  of  the

tidal component is excited during our altitudinal range (0–12 km),

though the amplitudes are relatively small there. The source plays

an  important  role  in  the  tidal  component  in  the  upper  altitudes.

Non-migrating tides may induce longitudinal  variability in all  the

parameters in the middle and upper atmosphere (Hagan and For-

bes,  2002; Li  X  et  al.,  2015a)  and  even  ionosphere  (Ren  ZP  et  al.,

2008; Wan W et al., 2008, 2010).

Assuming that the atmosphere is  isothermal  and motionless,  the

atmosphere leads  to  a  separation  between  Laplace’s  tidal  equa-

tion, which determines the latitudinal structure of tides, and a ver-

tical  structure equation,  which connects the structure of  tides by

equivalent  depths  (eigenvalues; Forbes,  1995). The  tidal  struc-

tures  are  described  in  terms  of  the  modal  latitudinal  structure

(Hough modes) and vertical wavelengths (Chapman and Lindzen,

1970). Governing  the  global-scale  tidal  oscillations,  the  research-

ers involves a set of  linearized and simplified primitive equations
that illustrate the sources of the atmospheric tides.

The main purpose of the present work is to investigate the variab-

ility of the sources of the main tidal components (i.e.,  DW1, SW2,

and DE3) in the troposphere,  as reflected in the National Centers

for  Environmental  Prediction  (NCEP)  Climate  Forecast  System

Reanalysis (CFSR)  data,  and  to  unveil  the  global  latitudinal  struc-

ture of  the main tidal  components.  In  Section 2,  we describe the

reanalysis  data  and  the  analytical  methods.  In  Section  3,  we

present the yearly variations of the main tidal  sources.  In Section

4, we illustrate the yearly variation of the main tidal components.

Additionally, we present  evidence that  the El  Niño–Southern Os-

cillation (ENSO) is a source of tidal variability. Finally, we provide a

summary and conclusions in Section 5.

2.  Data Set and Analytical Method
Generated by a constant model and a frozen data assimilation sys-

tem, the NCEP CFSR data sets produce multiyear,  global state-of-

the-art gridded representations of atmospheric states (Saha et al.,

2010).  The data sets  use a time resolution of  1 hour,  a  horizontal

resolution  of  2.5°  longitude  by  2.5°  latitude,  and  a  vertical  grid
spacing of five pressure levels (1,000, 850, 700, 500, and 200 hPa),
corresponding  to  an  altitude  of  about  0–12  km,  over  the  period
from 1979  to  2011.  Fortunately,  the  longitude  and  time  resolu-
tions  of  the  CFSR  reanalysis  data  are  sufficient  to  analyze  the
structures  of  most  of  the  tidal  components  of  the  tropospheric
parameters, including  temperature,  vector  wind,  and  geopoten-
tial  height. Li  et  al.  (2015b) and Sakazaki  et  al.  (2012) have  also
suggested  that  the  CFSR  data,  as  a  supplementary  observation,
can be used in the study and modelling of atmospheric tides. The
CFSR data  were provided through the National  Center  for  Atmo-
spheric Research/University  Corporation  for  Atmospheric  Re-
search Data Archive at http://rda.ucar.edu/datasets/ds093.1/.

T h U

h
ρ

λ φ z
t T (λ, φ, z, t) ρ (λ, φ, z, t) U (λ, φ, z, t)

In this work, the CFSR data from 1988 to 2011 were used to study
the three main tidal components,  DW1, SW2, and DE3. We chose
the temperature ( ), geopotential height ( ), and zonal wind ( ) as
the  atmospheric  parameters  in  the  tidal  analysis.  Because,  in  the
upper atmosphere,  researchers  often  analyze  the  tides  by  atmo-
spheric  density,  we  transformed  the  geopotential  height  ( )  into
density ( ) to compare them. In the data sets, each of these three
parameters  could  be  represented  as  a  four-dimensional  function
of longitude ( ), latitude ( ), altitude ( ) or pressure level, and uni-
versal time ( ), or , , and . By a Fourier

fitting technique, the data in each latitude bin were decomposed
into tidal models. Thus, in general, atmospheric tides could be ex-
pressed in the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T (λ, φ, z, t) = ∑
f,k

AT (f, k, φ, z) cos (2π (f (t − ΦT (f, k)) − kλ)) ,
ρ (λ, φ, z, t) = ∑

f,k

Aρ (f, k, φ, z) cos (2π (f (t − Φρ (f, k)) − kλ)) ,
U (λ, φ, z, t) = ∑

f,k

AU (f, k, φ, z) cos (2π (f (t − ΦU (f, k)) − kλ)) . (1)

t

After  working with the data sets,  we obtained three-dimensional
(3-D)  discrete  data  on  temperature,  density,  and  zonal  winds,
which  were  present  at  certain  altitudes  during  certain  universal
times  ( ).  To  quantify  the  oscillations  responsible  for  the  tidal
structure,  we  had  to  identify  their  individual  contributions.  We
performed  a  two-dimensional  (2-D)  Fourier  transform  for  every
combination  of  latitude  and  altitude,  thus  revealing  all  the  tidal
and stationary planetary wave contributions.

After decomposing  the  atmospheric  tidal  components,  we  ana-
lyzed  their  propagation  characteristics  by  using  a  Hough  mode
decomposition (HMD), which can be thought of as constraining a
tidal  model  with observations.  This  produces self-consistent tidal
fields  in  temperature,  density,  and zonal  winds  (T, ρ, U).  Classical
atmospheric tidal  wave  models  describe  the  eigenwave  in  a  ho-
mogeneous,  non-dissipative,  and isothermal  atmosphere.  Hough
modes represent the eigen-solution of Laplace’s tidal equation to
global-scale  waves  in  the  ideal  background  atmosphere.  Under
the assumption of non-dissipation, wave equations can be separ-
ated from variables. Recently, the HMD has also been used to de-
compose the atmospheric tidal components (Chen ZY and Lu DR,
2009a; Yu Y et al., 2013).

Θ(m, n)
m

The Hough mode is labelled by a number of pairs, ,  where

 denotes the zonal wavenumber of the atmospheric tides and n
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n

n
n

m + n

is the  Hough  mode  series  number.  The  propagating  modes  rep-

resent the propagating waves,  which are capable of propagating

upward from the lower atmosphere, whereas the trapped modes

denote  waves  that  are  locally  excited  and  have  no  vertical

propagation. We know that the bottom response is complex and

is caused by more than one mechanism. Therefore, to understand

the propagating mechanism from below, we utilized only the nine

leading propagating modes in our decomposition. To the diurnal

migrating tide DW1, the series number  represented 1, 2, 3, 4, 5,

6, 7, 8, and 9, respectively; to the semidiurnal migrating tide SW2,

the  series  number  represented 2,  3,  4,  5,  6,  7,  8,  9,  and  10,  re-

spectively; and to the non-migrating tide DE3, the series number 

represented 3, 4, 5, 6, 7, 8, 9, 10, and 11, respectively. In addition,

Hough  modes  alternate  between  symmetric  and  antisymmetric

relative to the equator; that is, they are symmetric (antisymmetric)

when  is  even  (odd).  According  to  previous  works  (e.g.,

Svoboda  et  al.,  2005; Forbes  and  Wu  D,  2006; Zhang  XL  et  al.,

2006; Chen ZY and Lu DR, 2009a, b; Oberheide et al, 2009; Panche-

va  et  al.,  2010; Oberheide  et  al.,  2011; Yu  Y  et  al.,  2015),  Hough

modes converge quickly, and only the weighted superposition of

the  few  leading  modes  is  required  to  represent  the  atmospheric

tides. Figure  1 shows  the  normalized  Hough  modes  as  functions

of latitude, and Table 1 shows the Lamb numbers (eigenvalues) of

these modes.

In  the  atmosphere,  HMD  has  been  successful  in  providing  good

analytical results to a great extent (Chen ZY and Lu DR, 2009b; Yu

Y  et  al.,  2013).  The  Hough  function  is  an  effective  analytical  tool

used to research the global structure of atmospheric tides. In this

work,  the results  from calculating the Hough functions based on

Laplace’s  tidal  equation  were  applied  to  atmospheric  tides,  and

the  overall  features  of  the  yearly  variations  and  the  complete

global  structure of  the tides were studied.  The approach used to

conduct the HMD analysis can be expressed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

AT (f, k, φ, z) = ∑
n

Cn (z) ⋅ AT⊥ (z, f, n) ⋅ ΘT (f, k, φ, z) ,
Aρ (f, k, φ, z) = ∑

n

Cn (z) ⋅ Aρ⊥ (z, f, n) ⋅ Θρ (f, k, φ, z) ,
AU (f, k, φ, z) = ∑

n

Cn (z) ⋅ AU⊥ (z, f, n) ⋅ ΘU (f, k, φ, z) ,
(2)

Θ
φ Cn

z A⊥
f n

where n is the Hough mode series number;  is the Hough mode,

which  depends  on  the  latitude  and n;  is the  Hough  coeffi-

cient, which depends on ; and  is the vertical structure, which

depends on z, , and . The equations were set to the temperature,
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Figure 1.   Normalized propagating Hough modes as a function of latitude for the DW1, SW2, and DE3 tides, respectively. The Hough modes in

the left column are symmetric about the equator, and those in the right column are antisymmetric.
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density,  and zonal  wind,  respectively.  We used this  expression to
calculate the Hough modes of the atmospheric tidal components
and the sources of  the tides at  each altitude.  The derivation pro-
cess is described in detail in the Appendix.

3.  Results

3.1  Sources of the Tidal Components

A t0

Figure  2a and 2b show, respectively,  the  contours  of  the  amp-
litudes  and the phases  of the yearly mean main tidal sources
as they are distributed in the plane of height versus latitude. From
left to right, the plots refer the three tidal sources: DW1, SW2, and
DE3.  In  addition,  the  high-latitude  tidal  source  properties  were
not included in this work, and Figure 2 gives only the amplitudes
and phases of the sources at the low and middle latitudes (within
±60°). Figure  2 clearly  illustrates  that  the  DE3  source  is  the
strongest and that it is strongest at 5–10 km.

To research the yearly variations of the sources in detail, both the
amplitudes and the phases of the three main tidal sources at 6 km
were  further  averaged  across  different  years  (1988–2011).  These
results  are  displayed  in Figure  3 as  distributions  of  latitudes  and
months.

3.1.1  DW1
As shown in the left column plot of Figure 2a and the top left plot
of Figure 3, the DW1 source presents mainly in the lower latitudes
at  ±10°  latitude,  and  in  the  northern  hemisphere,  it  is  stronger
than in the southern hemisphere. The DW1 source occurs mainly
in the altitudes from 5 to 8 km, and the peak is presented at 6 km,
as illustrated in the left plot of Figure 2a. As shown in the top left
plot of Figure 3, the DW1 source behaves as a weak seasonal vari-
ation in the lower latitudes (about ±10°–15°).  In other words,  the
amplitudes  of  the  DW1  source  are  larger  in  the  summer  months
than in the winter months, and the DW1 source presents semi-an-
nual variation near the equator (±10°) such that it  is  larger at the
equinoxes than at  the solstices.  For instance,  during the summer
months (i.e.,  July,  August,  and September)  in  the northern hemi-
sphere,  the amplitudes  at  10°  latitude may reach to  about  300 J,
whereas  they  drop  to  50  J  during  the  winter  months.  Along  the
equator, the DW1 source may be close to  320 J  during the equi-
noxes, whereas it may be only 100 J during the solstices.

The phases of the DW1 source are illustrated in the left plot of Fig-
ure 2b as well as the bottom left plot of Figure 3. The figure shows
that  the  phases  of  the  DW1  source  are  stable  with  latitude  and
change  regularly  with  the  months.  A  weak  seasonal  variation  is
also shown, in which the crests of the equatorial source appear ~9
hours  earlier  in  the summer than in  the winter  and ~12 hours  at

the middle latitudes, as shown in the bottom left plot of Figure 3.

3.1.2  SW2
As  shown  in  the  centre  plot  of Figure  2a and 2b and  the  top
centre  plot  of Figure  3,  the  SW2  source  appears  mainly  at  the
middle latitudes (±30°). It should be noted that the SW2 source is
symmetric  relative  to  the  equator  and  that  the  source  in  the
southern  hemisphere  is  a  little  stronger  than  in  the  northern
hemisphere. As shown in the centre plot of Figure 2a and 2b, the
SW2 source mainly presents at altitudes of 5–10 km, and the peak
is at 7 km. As displayed in the top centre plot of Figure 3, the SW2
source presents a remarkable annual and semi-annual variation in
which  the  amplitudes  are  largest  during  the  March  equinox
months and larger during the June solstice months. For example,
in  March,  the  amplitudes  at  ±30°  latitude  may  reach  to  about
250 J, whereas in June, the amplitudes at −30° drop to 180 J and
at 30° latitude, they drop to 100 J.

As  shown  in  the  centre  plot  of Figure  2b and  the  bottom  centre
plot of Figure 3, the phases of the SW2 source present a seasonal
variation.  Note  that  the  crests  of  the  source  during  the  summer
months are about 6 hours earlier than those in the winter months.

3.1.3  DE3
The  DE3  source  appears  mainly  around  the  equatorial  latitudes
within about ±30°,  and it  is  stronger in the southern hemisphere
than in the northern hemisphere, as shown in the right plot of Fig-
ure 2a and the top right plot of Figure 3. This source presents an
obvious  semi-annual  variation  such  that  the  amplitudes  in  the
southern  hemisphere  are  larger  in  the  months  around  solstices
than in the months around equinoxes. In contrast, the DE3 source
in the northern hemisphere is  larger  in the months around equi-
noxes  than  in  the  months  around  solstices,  as  shown  in  the  top
right  plot  of Figure  3.  Particularly  in  January,  the  amplitudes  at
−10° latitude may be 500 J, and the amplitudes in March drop to
half those at the low latitudes.

As shown in the right plot of Figure 2b and the bottom right plot
of Figure  3,  the  phases  of  the  DE3  source  are  stable  across  the
months and manifest as a weak seasonal variation that crests dur-
ing  the  summer  months  ~8  hours  later  than  during  the  winter
months.  That  is,  in  the  northern  hemisphere,  the  crests  occur  in
the evening during the summer months and in the morning dur-
ing the winter months.

3.2  Modes of the Tidal Components
On  the  basis  of  the  HMD,  we  describe  the  height  profile  of  the
nine  leading  modes  (Cn)  of  DW1,  SW2,  and  DE3  in Figure  4.  The
modes of the tidal components present the most obvious conver-
gence  tendency:  the  amplitudes  of  the  modes  decrease  as  the
series numbers increase. Specifically, the DW1 component is dom-
inated  by  the  first  symmetric  (1,  1)  mode,  whereas  for  the  SW2
components, the  corresponding  dominant  modes  are  the  asym-
metric modes (2, 3), and substantial contributions of the DE3 com-
ponents are also from the symmetric modes (3, 3). Hence, we sug-
gest that the main features of the tidal components are captured
by  the  three  leading  modes,  as  shown  in Figure  4.  We  therefore
confined our  investigation to  the three leading Hough modes of

Table 1.   Lamb numbers (eigenvalues) of the Hough modes (in km).

Hough mode

(s,n) (1, 1) (1, 3) (2, 2) (2, 4) (3, 3) (3, 5)

ε
s
n 0.6940 0.1208 7.8647 2.1176 2.2461 0.3332

(s,n) (1, 2) (1, 4) (2, 3) (2, 5) (3, 4) (3, 6)

ε
s
n 0.2395 0.0728 3.6770 1.3730 0.7824 0.1700
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the tidal components in the rest of this study.

A t0Figure 5a and 5b illustrate the amplitudes  and phases  of the

Hough mode coefficients  of  the  main  tidal  components  at  6  km,

respectively. The different  Hough modes are  denoted by the fol-

lowing solid lines: blue, red, and green.

3.2.1  DW1

As  shown  in  the  top  left  plot  of Figure  5a, for  DW1,  the  amp-

litudes of the first symmetry mode (1, 1) are largest, and they are

larger  after  the  year  2000  than  before.  Furthermore,  the  (1,  1)

mode  has  an  obvious  inter-annual  variation;  that  is,  the  source

amplitudes are larger in February, July, and November than in the

other months, as shown in the top right plot of Figure 5a. The first

asymmetry mode (1, 2) manifests as an obvious semi-annual vari-

ation  that  is  larger  in  April  and  November.  The  third  mode  (1,  3)

presents  a  weak  annual  and  semi-annual  variation  that  is  larger

during the solstices than the equinoxes and is  largest  during the

June solstices.
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Figure 2.   (a) Height profiles of the main tidal sources, from left to right, for DW1, SW2, and DE3. The data are the amplitudes A of the mean tides

from 1998 to 2011. (b) Same as Figure 2a but for the phases t0 of the main tidal sources.
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The phases of the Hough modes for DW1 are illustrated in the top

plots  of Figure  5b.  As  shown  in  the  figure,  the  (1,  1)  and  (1,  3)

modes  are  very  stable  before  2000,  and  the  crests  are  gradually

delayed by one hour after 2000. The (1, 1) mode displays an obvi-

ous yearly  variation:  the  (1,  1)  mode  crests  during  the  June  sol-

stice after ~7 hour universal time (UT) compared with that during

the December solstice.

3.2.2  SW2

The amplitudes  of  the symmetry  mode (2,  2)  are  very  stable  and

do not  display  obvious  yearly  variations,  as  shown in  the  middle

plots  of Figure 5a.  In  addition,  the amplitudes of  the (2,  2)  mode

are  smaller  than those of  the (2,  3)  and (2,  4)  modes.  In  contrast,

the amplitudes of the (2, 3) mode do not present an obvious inter-

annual variation, and they occur as a semi-annual variation that is
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Figure 3.   Distributions of the monthly mean tidal sources of DW1 (left column), SW2 (center column), and DE3 (right column). The top plots are

the amplitudes A and the bottom plots are the phases t0. The monthly mean sources are statistically averaged among different years from 1988 to

2011.
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Figure 4.   Amplitudes of the nine leading Hough mode coefficients Cn. The left plot is DW1, the center is SW2, and the right is DE3.
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larger during the equinoxes than the solstices, as illustrated in the

middle left  plot in Figure 5a.  Similar to the (2,  2)  mode, the (2,  4)

mode is  stable and presents a weak semi-annual variation that is

larger  during  the  equinox  than  the  solstices,  as  displayed  in  the

middle right plot of Figure 5b.

t0The  middle  plot  of Figure  5b shows  the  phases  of  the  SW2

modes  at  6  km.  Similarly,  the  phases  of  the  (2,  2)  mode  are  very

stable  and  do  not  manifest  a  yearly  variation;  that  is,  the  (2,  2)

mode crests  in  ~7  hour.  The  phases  of  the  (2,  3)  mode  are  un-

stable and occur as an annual variation that crests during the June

solstice  in  ~8  hour,  after  that  during  the  December  solstice.  The

phases  of  the  (2,  4)  mode  are  gradually  delayed  from  1988  to

2011.

3.2.3  DE3

The  first  mode  (3,  3)  and  the  second  mode  (3,  4)  are  obviously

strong at 6 km, as illustrated in the bottom plots of Figure 5b. The

annual variation of the (3, 3) mode is larger in February and June,

as shown in the bottom right plot  of Figure 5a.  Even though the

(3,  4)  mode  has  an  indistinct  cycle  of  5  years,  it  is  larger  in  the

second  half  of  the  year  than  in  the  first  half.  The  (3,  5)  mode  is

smaller and its yearly variation is not obvious, as illustrated in the

bottom plots of Figure 5a.

t0The  bottom  plots  of Figure  5b show  the  phases  of  the  DE3

Hough  coefficients  at  6  km.  The  phases  of  the  (3,  3)  and  (3,  5)

modes  are  very  stable  and  do  not  manifest  as  yearly  variations,

that is,  the (3,  3)  mode crests in the evening and the (3,  4)  mode

crests  in  the  evening  and  before  dawn.  The  phases  of  the  (3,  4)

mode  are  unstable,  and  this  mode  crests  in  the  morning,  as
shown in the bottom plots of Figure 5b.

4.  Discussion
The ENSO phenomenon is  the most prominent source of climate
variability. Previous studies have indicated that coherent temper-
ature signals are evidence that the ENSO modulates upwelling in
the  tropical  lower  stratosphere  (Manzini,  2009).  Large-scale
changes in precipitation and surface temperatures in the tropical
lower stratosphere  are  known  to  be  related  to  the  ENSO  phe-
nomenon (e.g., see Vial et al., 1994; Trenberth et al., 2002; Lieber-
man et al., 2007; Randel et al, 2009).

The  long-term  and  altitudinal  variability  of  the  sources  of  the
three tidal components (i.e., DW1, SW2, and DE3, derived by HMD)
at corresponding latitudes are displayed in Figure 6. To show the
main variation of the sources, the DW1 and DE3 sources in the top
and bottom plots of Figure 6 are the average of the low latitudes
(±30°), and the SW2 sources in the middle plot are the average of
the  low  to  middle  latitudes  (±60°).  To  research  the  relationship
between these  results  and  the  ENSO,  we  compared  the  atmo-
spheric tidal  sources  retrieved  from  the  CFSR  with  those  pre-
dicted  by  the  Multivariate  ENSO  Index  (MEI)  from  the  National
Oceanic and Atmospheric Administration Physical Sciences Labor-
atory,  downloaded  from  the  website http://www.esrl.noaa.gov/
psd/enso/mei/. In each plot of Figure 6, the white lines represent
the long-term MEI.

Figure  6 shows  that  the  diurnal  migrating  (DW1)  tidal  source  is
coupled with the MEI and that the peak source presents at a high-

 
Figure 5.   (a) Amplitudes A of the three leading Hough mode coefficients Cn of the main tidal component. The top plots are DW1, the middle

plots are SW2, and the bottom plots are DE3. The left column is the interannual variation, and the right column is the annual variation. (b) Same as

(a) but for the phases t0 of the main tidal components.
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er altitude when the ENSO is stronger. As illustrated in the middle

plot of Figure 6, the SW2 source is different from the DW1 source

in that it is weak when the ENSO is strong, especially from 1997 to

1998, when the SW2 source almost disappears. Regarding the DE3

source,  the ENSO phenomenon hardly  affects  it,  as  shown in  the

bottom  plot  of Figure  6.  The  result  above  approximately  agrees

with  earlier  research.  For  example, Gurubaran  et  al.  (2005) ob-

served a  decrease  in  the  amplitude  of  the  diurnal  tide  at  meso-

pause altitudes and attributed this to an increase in the strength

of nonmigrating tides associated with the ENSO. Lieberman et al.

(2007) reported  that  the  heating  of  water  vapor  contributed  to

the tidal enhancement observed from 1997 to 1998 and that the

altered heating patterns  resulted in  a  stronger  forcing of  the mi-

grating diurnal tide (DW1) by the heated water vapor. In addition,

our result above agrees with the results of Lieberman et al. (2007).

5.  Summary and Conclusions
In this work, we analyzed the inter-annual and yearly variations of

the tropospheric tidal sources and Hough coefficients (e.g.,  DW1,

SW2, and DE3) from the NCEP CFSR data from 1988 to 2011.  The

main results are as follows:

The  diurnal  sources  (i.e.,  DW1  and  DE3)  are  stronger  around  the

equator  at  5–10  km.  The  semi-diurnal  source  SW2  is  stronger  in

the  latitude  range  around  ±30°  at  5–10  km,  and  it  is  symmetric

about  the  equator.  The  SW2  source  is  stronger  in  the  southern

hemisphere than in the northern hemisphere.

(1) The DW1 source behaves with a weak seasonal variation in the

lower latitudes (about  ±10°–15°)  such that  the amplitudes of  the

DW1 source are larger in summer than in winter. Near the equat-

or, the DW1 source presents semi-annual variation that is stronger

during the equinoxes than the solstices. Moreover, the first Hough

mode  of  the  DW1  component,  the  (1,  1)  mode,  dominates  the

DW1 tidal components in the higher troposphere.

(2)  The  SW2  source  remarkably  manifests  the  symmetry  of  the

southern  and  northern  hemisphere,  and  it  is  stronger  in  the

southern hemisphere than in the northern hemisphere.  The SW2

source  presents  an  obvious  annual  and  semi-annual  variation

such that the amplitudes are largest in March, larger in June, and

smallest in other months. Furthermore, the strongest mode is the

second mode (2, 3), and it presents a remarkable semi-annual vari-

ation  that  is  stronger  at  the  equinoxes  than  the  solstices.

Moreover,  the  symmetric  Hough  modes  of  the  SW2  component,

the (2, 2) and (2, 4) modes, are weak and present slight yearly vari-

ations.

(3) The DE3 source mainly occurs around the equatorial  latitudes

and  presents  an  obvious  semi-annual  variation.  In  the  southern

hemisphere,  the amplitudes are larger in the months around the

solstices  than  in  the  months  around  the  equinoxes,  although  in

the northern  hemisphere,  the  source  amplitudes  are  slightly  lar-

ger at the equinoxes than the solstices. Like the DW1 component,

the  first  Hough  mode  of  the  DE3  component  (3,  3)  is  the  main

mode, and it  shows an obvious annual variation that is strongest
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Figure 6.   Long-term variability of the sources. The top plot is DW1, the middle plot is SW2, and the bottom plot is DE3. In each plot, the white

lines represent the long-term Multivariate ENSO Index (MEI).
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during the June solstice.

(4) These results show a strong ENSO signal in the migrating tidal

source (i.e., DW1 and SW2) in the higher troposphere from the CF-

SR set. There is good agreement between the time series of ENSO

signals  (MEI)  and  the  long-term  variability  of  the  diurnal  source

amplitudes,  whereas  there  is  disagreement  between  the  ENSO

and the semidiurnal source amplitudes.

The implications of the results presented in this work can be eas-

ily  recognized,  considering  that  the  atmospheric  tides  carry  heat

energy from the troposphere into the middle atmosphere and the

mesosphere  and  lower  thermosphere  region.  We  thus  suggest

that an HMD analysis of the tidal components can be used when

studying and modelling atmospheric tides.

Appendix A
In this section, we briefly show the derivation process of the HMD

of the atmospheric tidal components and the sources of the tides

at each altitude. The mixture of gases in the lower and middle at-

mosphere  can  be  treated  as  a  single  ideal  gas  of  constant  with

molecular weight M. The basic hydrodynamic and thermodynam-

ic laws of this atmospheric gas may be represented, for example,

by Kato (1980).

The equation of motion is

dVVV
dt

= −
1
ρ∇p − 2Ω × VVV + ggg + FFF; (A1)

the equation of mass continuity is

dlnρ
dt

+ ∇ ⋅ VVV = 0; (A2)

the first law of thermodynamics is

Cp
dT
dt

−
1
ρ
dP
dt

= Q̇; (A3)

and the ideal gas equation is

P = ρRT, (A4)

t d/dt = ∂/∂t + (v ⋅ ∇) VVV
u

v w;Ω
Ω = 7.29 × 10−5 s−1 ggg

g = 9.81 m/ s2 P ρ T
FFF

Cp Q̇

R
R = 287 J ⋅ kg−1 ⋅ K−1

where  is time;  is the total time derivative;  is

the velocity vector with its components directed to the east ,  to

the north , and upward  is the vector of the earth’s rotation

( );  is  the  apparent  acceleration of  the  Earth’s

gravity  ( );  is  pressure;  is  density;  is temperat-

ure;  is the momentum force per unit mass (e.g., lunar tidal force

or frictional force);  is the specific heat at constant pressure;  is

the net heat input per unit mass or net heat flux divergence; and 

is the gas constant ( ).

T P ρ
Q̇ FFF

z T (z)
T(z, ϕ, λ, t)

z ϕ λ t

v
m

ϕ, λ, t, and z

For convenience in later applications, we have separated the total

temperature ,  the total  pressure ,  the total  density ,  the total

heat , and the total momentum force  into a global mean (or a

basic  state)  depending  only  on  height  (e.g., ) and  depar-

tures from that global mean (e.g., ), which depend addi-

tionally  on  altitude ,  latitude ,  longitude ,  and  time .  As  we

know, it is sufficient to study periodic waves of angular frequency

 and  decompose  the  waves  into  their  modal  structures,  zonal

wavenumber .  This means that the equations of motion can be

solved  by  separation  of  the  variables  ( )  and  that  the

modal structure  becomes  an  eigenvalue  problem.  The  eigenval-

ues  of  the  individual  modes  and  their  horizontal  structures  had

been represented, for example, by Volland (1988).  In this section,

we present the vertical modal structures.

First,  as  reported by Kato (1980), we assume the following atmo-

spheric parameters:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χ̂ = X̂1 (z, ν) θmn (ϕ, w)exp [i (mλ − νt)] ,
w = W1 (z, ν) θmn (ϕ, w)exp [i (mλ − νt)] ,
p = P1 (z, ν) θmn (ϕ, w)exp [i (mλ − νt)] ,
ρ = ρ1 (z, ν) θmn (ϕ, w)exp [i (mλ − νt)] ,
Q̇ = Q̇1 (z, ν) θmn (ϕ, w)exp [i (mλ − νt)] ,

(A5)

where

χ̂ = ∇ ⋅ UUU +
∂w
∂z

−
Q̇

CpT0
. (A6)

With reference to Kato (1980), we can obtain the following equa-

tion:

∂2X̂1

∂z2
−

1
H
∂X̂1

∂z
+

gε

4a2Ω2
⋅
(γ − 1)
γH

X̂1 = −
gε

4a2Ω2
⋅

1
γH

⋅
Q̇

CpT0
, (A7)

where

H =
RT0

g , γ =
Cp
Cv

, (A8)

εand  is a separation constant known as the Lamb parameter. This

parameter is the eigenvalue of the modal structure.

We can obtain

X̂1 = Cexp [ z
2H

(1 − k)] − 1
γ − 1

⋅
Q̇1

CpT0
, (A9)

C = Ω k = sign (ω) ×√
1 −

(γ − 1)gHεmn
γa2Ω2

where , .

∂X̂1

∂z
= (X̂1 +

1
γ − 1

⋅
Q̇1

CpT0
) ⋅ 1 − k

2H
Because of　 ,

X̂1 = 2H
1 − k

⋅
∂X̂1

∂z
−

1
γ − 1

⋅
Q̇1

CpT0
. (A10)

From (A1) to (A4), we can obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂W1

∂z
= (1 − γ) X̂1 +

γRT0

g
∂X̂1

∂z
+

Q̇
CpT0

, (A11)
∂P1

∂t
= −

∂P0

∂z
W1 − γρ0RT0X̂1, (A12)

ρ1 = −
1
g
∂P1

∂z
, (A13)

T1 = T0 (P1

P0
−
ρ1

ρ0
) . (A14)

We can construct an auxiliary equation as follows:

∇ ⋅ UUU = −∇2ξ = −
ε

4a2Ω2
⋅
∂Φ
∂t

, (A15)

Φwhere  is the local geopotential.

By introducing (A10) into (A11),

∂W1

∂z
= [2 (1 − γ)

1 − k
H + γH] ∂X̂1

∂z
+

2Q̇1

CpT0
. (A16)
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2Q̇1

CpT0
=

∂J1

∂z
We assume that  and introduce it into (A16),

∂W1

∂z
= [2 (1 − γ)

1 − k
H + γH] ∂X̂1

∂z
+

∂J1

∂z
. (A17)

We can obtain that

W1 = [2 (1 − γ)
1 − k

H + γH] X̂1 + J1. (A18)

J1In this equation, we suggest that  is the source of the atmospheric tides.

By introducing (A18) into (A12) to (A14), we can obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W1 = [2 (1 − γ)
1 − k

H + γH] X̂1 + J1, (A19)
P1

P0
= i ⋅

2 (1 − γ)
ν (1 − k)exp [ z

2H
(1 − k)] + i ⋅ 2

νΩ (1 − k) ⋅ Q̇1

CpT0
+ i ⋅

J1

νΩH
, (A20)

ρ1

ρ0
= i ⋅

(1 − γ) (1 + k)
ν (1 − k) exp [ z

2H
(1 − k)]−i ⋅ 2k

νΩ (1 − k) ⋅ Q̇1

CpT0
+i⋅

J1

νΩH
, (A21)

T1

T0
= i ⋅

(1 − γ)
ν exp [ z

2H
(1 − k)] + i ⋅

2Q̇1

νΩCpT0
, (A22)

where

2Q̇1

CpT0
=

∂J1

∂z
.

From the analysis of the above, we can obtain

P1

ρ0
= Φ

m
n (z, ω) . (A23)

Therefore,

Φ
m
n =

P1

ρ0
= i ⋅

2RT (1 − γ)
ν (1 − k) exp [ z

2H
(1 − k)] + i ⋅

2Hg
νΩ (1 − k) ⋅ Q̇1

CpT0
+ i ⋅

gJ1

νΩ
. (A24)

Because of (A13),

Um
n =

√
εmn

2aΩ
Φ
m
n = i ⋅

RT (1 − γ) √εmn
aΩν (1 − k) exp [ z

2H
(1 − k)] + i ⋅

Hg
√
εmn

aΩ2ν (1 − k) ⋅ Q̇1

CpT0
+ i ⋅

gJ1

√
εmn

2aνΩ2
. (A25)

Hence, we can decompose temperature, density, and zonal wind with the above equations. We can obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ = Cmn ⋅ { i (1 − γ) (1 + k)
ν (1 − k) exp [ z

2H
(1 − k)] − i ⋅ 2k

νΩ (1 − k) ⋅ Q̇1

CpT0
+ i ⋅

J1

νΩH
} ρ0 ⋅ Θ

m
n ,

T = Cmn ⋅ {i ⋅ (1 − γ)
ν exp [ z

2H
(1 − k)] + i ⋅

2Q̇1

νΩCpT0
} ⋅ Θm

n ,

U = Cmn ⋅ {i ⋅ RT (1 − γ) √εmn
aΩν (1 − k) exp [ z

2H
(1 − k)] + i ⋅

Hg
√
εmn

aΩ2ν (1 − k) ⋅ Q̇1

CpT0
+ i ⋅

gJ1

√
εmn

2aνΩ2
} ⋅ Θm

n ,

. (A26)

and

Cmn ⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

P ⋅ ρz ⋅ ρ0 i ⋅ 1
νΩH

⋅ ρ0 i ⋅ 1
νΩCpT0

⋅
2k(1 − k) ⋅ ρ0

P ⋅ Tz ⋅ T0 0 i ⋅ 2
νΩCpT0

⋅ T0

P ⋅ Uz i ⋅
g
√
εmn

2aνΩ2
i ⋅ 1
νΩCpT0

⋅
Hg

√
εmn

aΩ (1 − k)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅ [ 1

J1

Q1

] = [ ρ
T
U

]
[ P ⋅ H
P ⋅ H
P ⋅ U

] , (A27)
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρZ = i ⋅
(1 − γ) (1 + k)

ν (1 − k) ⋅ exp [ z
2H

(1 − k)] ,
TZ = i ⋅

(1 − γ)
ν ⋅ exp [ z

2H
(1 − k)] ,

UZ = i ⋅
RT0 (1 − γ) √εmn
aΩν (1 − k) ⋅ exp [ z

2H
(1 − k)] .

where 

J1

J1

Equation (A26) is  in accordance with Equation (2)  in this work.  In
Equation (A26),  is the source of the atmospheric tides, which are
analyzed herein.  In  general,  we  can  use  Equation  (A27)  to  calcu-
late .
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